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PREFACE 

We live in a digital society where most sectors undergo the process of digital 

transformation. Almost every business faces numerous challenges as to how 

to be more effective, profitable, eco-friendly, secure and reliable. To be able 

to face these challenges and succeed in such a turbulent and changing 

world, an effective work with data seems to be a crucial precondition for 

surviving in upcoming digital era. The key task, which erases for managers 

in this context, is how to adapt and prepare businesses towards this 

situation. 

Moreover, in this brief guide we try to enhance your readiness and 

understanding the issue of vast area of data analysis (including big data 

analysis) and link relevant topics with recommendations of appropriate 

didactical methods. 

Our primary goal was to briefly introduce concepts of data science, statistics 

and machine learning as selected areas for building a better understanding 

of data analysis.  

Authors’ attention was paid to the introduction of handling cross-sectional 

and time series data as well as the basic concepts of data science, statistics 

and machine learning needed for proper examinations and estimations of 

data that could also be partly used in the area of Big Data.  

One of our main intentions was to prepare a fully customized learning 

material for those who are at the beginning of this exciting path of gaining 

knowledge in this area and as well for those who are already on the way.  

A brief presentation of the different problem areas is (where possible) 

complemented by practical cases and the use of R language to perform the 

building and testing of selected models. We have also added useful 

references for resources that could deepen the mentioned areas.  

The authors believe that combination of diverse approaches and a solid base 

of references allow them to enlarge the range of potential readers from 

beginners to experienced users and all of them will benefit from the content 

and recommended sources selection that can be found by the end of each 

chapter. 

Welcome and enjoy working with this guide.  

       Jan Luhan  

(for the authors) 
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Data Science 

As the world entered the era of big data, the need for its storage also 

grew. The main focus was on building framework and solutions to store 

data. Now the focus has shifted to the processing of this data. Data Science 

is a multidisciplinary blend of data inference, algorithm development, and 

technology in order to solve analytically complex problems. Simply said, 

data science is a blend of skills from three major areas: 

 Mathematics Expertise (Mathematical analysis, Linear algebra, 

Statistics, etc.), 

 Technology and Hacking (SQL, Hadoop, Python, R and SAS), 

 Business/Strategy acumen. 

The main aspect of data science is all about uncovering findings from 

data. Data Scientists not only analyse past behaviour, but also uses various 

advanced machine learning algorithms to identify the occurrence of an 

event in the future. A Data Scientist will look at the data from many angles, 

sometimes angles not known earlier. 

Significance of Data Science in today’s digital world 

Traditionally, the data that we had was mostly structured and small in 

size, which could be analysed by using the simple BI tools. Today the data 

is generated from different sources, e.g. text files, multimedia forms, 

sensors, etc. In this respect, today most of the data is unstructured and 

therefore simple BI tools are not capable of processing this huge volume 

and variety of data. 

Applications of Data Science 

As it is clear by now, Data Science is a broad term, and so are its 

applications. The earliest applications of data science were in Finance. 

Companies complained of bad debts and losses every year. Now Data 

Science has spread to other areas, such as 

 Internet Search, 

 Recommendation Systems, 

 Image/Speech/Character Recognition, 

 Gaming, 

 Price Comparison Websites, 

 Virtual assistance for patients and customer support, 

 Augmented Reality, 

 etc. 
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Data Science and R language 

R is an open source programming language and software environment 

for statistical computing and graphics that is supported by the R foundation. 

What is R used for? 

 Programming and statistical language, 

 Data analysis and visualization. 

The main benefits of R: 

 Simple and easy to learn, 

 Free and open source. 
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Introduction to Statistics 

Statistics can be a powerful tool when performing Data Science. Using 

statistics, we can gain deeper and more precise view into how exactly our 

data is structured and based on that structure how we can optimally apply 

other data science techniques to get even more information. 

Categories of Statistics for Data Science: 

 Probability, Conditional probability, 

 Random variable, 

 Descriptive statistics, 

 Mathematical statistics, 

 Regression analysis. 

Probability, Conditional probability 

Probability is the measure of the likelihood that an event will occur. 

Simply said, probability is the chance that something will happen. 

Uncertainty and randomness occur in many aspects of our life and having 

a good knowledge of probability helps us. The knowledge of probability 

helps us make informed judgments on what is likely to happen, based on a 

set of data collected previously. 

Probability is quantified as a number between 0 and 1. Probability of 

event A is 

P(A) =
𝑚(A)

𝑚(Ω)
 (1) 

where 𝑚(Ω) denotes number of all possible outcomes of an experiment 

(number of elements of a sample space Ω) and 𝑚(A) denotes number of 

favourable outcomes of event A. 

Conditional probability is a measure of the probability of an event given 

another event has occurred. Probability of event B given event A is 

P(B|A) =
P(A ∩ B)

P(A)
. (2) 

Many data science techniques rely on Bayes’ theorem. Bayes’ theorem is 

a formula describing how to update the probabilities of hypotheses when 

given evidence. For example, using conditional probability it is possible to 

build a learner that predicts the probability of the response variable 

belonging to some class, given a new set of attributes. 
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Random variable 

A random variable is a function that assigns a numerical value to each 
outcome of an experiment. A random variable is called random because its 
possible values are outcomes of a random phenomenon. 

Random variables can be: 

 the discrete random variable which can only take certain (discrete, 
isolated) values, 

 the continuous random variable which can take all values of an 
interval. 

Behaviour of a random variable is described by distribution laws and 
empirical characteristics. Distribution laws are functions which determine 
the probability with which a random variable takes on a certain value. 

Type of 
random 
variable 

Discrete Continuous 

Distribution 
laws 

Distribution function F(k) Distribution function F(k) 

Probability mass function 
P(X=k) 

Probability density function 
f(k) 

For a discrete random variable, the probability distribution is defined by 
a probability mass function, which provides the probability for each value of 
the random variable X. 

For a continuous random variable, the probability that a continuous 
random variable will lie within a given interval is considered. The probability 
distribution is defined by a probability density function. 

Both probability functions must satisfy two requirements: 

1) the probability function must be non-negative for each value of a 
random variable, 

2) the sum of the probabilities for each value (or integral over all values) 
of a random variable always equals one. 

For both type of random variables, a distribution function is a function, 
which is denoted by F(x) and defined for every x as follows 

F(𝑘) = P(𝑋 ≤ 𝑘). (3) 

The distribution function F(x) expresses the probability that random 
variable X takes values from the interval (−∞, 𝑘⟩. 
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Figure 1 The distribution function of a discrete random variable 

 

Figure 2 The distribution function of a continuous random variable 

 

The distribution function and the probability function describe the 
probability distribution of values of a random variable. However, sometimes 
Data Scientists require a summary of the overall information of a random 
variable in a few numbers that characterize its other properties and allow 
us to compare it with the other random variable. These numbers are called 
empirical characteristics. 

The most important characteristic of the random variable X is the 
expected value which we denote E(X). The expected value represents the 
number around which averages, calculated from a series of observed 
values, fluctuate. 
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The most important of the central moments is the second central 
moment, which we call the variance and denote D(X). Since the variance 
has a square dimension of the random variable X, for practical interpretation 
the standard deviation is the preferable characteristic. The standard 
deviation is denoted by 𝜎(𝑋). 

List of probability distributions 

It has been found that some random variables behave according to the 

same rules. These rules have been described and probability distributions 

defined. Many probability distributions that are important in theory or 

applications have been given specific names. 

Binomial distribution 

Let’s do an experiment, the event A may occur with the probability p. We 

repeat the experiment under the same conditions n-times, while the number 

p is the same in each experiment. This sequence of experiments is called 

the Bernoulli sequence of n independent experiments. 

The discrete random variable X represents the number of occurrences 

of the event A in this sequence of experiments. 

Hyper-geometric distribution 

Let’s have a file consisting of N elements which M elements have a certain 

property and N – M elements have another property. From this set is 

randomly selected n elements, either simultaneously or consecutively 

without replacement. 

The discrete random variable X represents the number of selected 

elements having a certain property. 

Poisson distribution 

Poisson distribution describes the probability laws for the “infrequently 

occurring events”, which are the number of occurrences of events within a 

certain time interval, in certain parts of the area, etc. 

Normal distribution 

The normal distribution, also known as the Gaussian distribution, is a 

probability distribution that is symmetric about the expected value, showing 

that data near the expected value are more frequent in occurrence than 

data far from the expected value. It has following properties: 

 the normal curve is symmetrical about the expected value μ, 

 the expected value is at the middle and divides the area into halves, 

 the total area under the curve is equal to 1, 
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 it is completely determined by its expected value and standard 

deviation σ (or variance σ2). 

The probability density function f(x) has a typical “bell curve” shape, see 

Figure 3. 

 

Figure 3 Graph of the probability density function 

The distribution function F(x) has a typical “S curve” shape, see Figure 

4. 

 

Figure 4 Graph of the distribution function 

 

Exponential distribution 

The exponential distribution has wide applicability in queuing theory, in 
reliability theory, and the theory of recovery. The exponential distribution is 
sometimes called the distribution without memory and is suitable to 
describe the distribution of the lifetime of a device, where a failure occurs 
completely randomly, i.e. external causes. 
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Figure 5 Graph of the probability density function 

 

Figure 6 Graph of the distribution function 

 

Probability distributions in R 

 

Binomial distribution – Bi(n,p). 

Mathematical description Command in R 

P(X = k) 

P(X ≤ k) 

P(X > k) 

dbinom (k, n, p) 

pbinom (k, n, p) 

pbinom (k, n, p, FALSE) 

 

Hypergeometric distribution – H(N, M, n). 

Mathematical description Command in R 

P(X = k) 

P(X ≤ k) 

P(X > k) 

dhyper (k, M, N – M, n) 

phyper (k, M, N – M, n) 

phyper (k, M, N – M, n, FALSE) 

 

Poisson distribution – Po(λ). 

Mathematical description Command in R 

P(X = k) 

P(X ≤ k) 

P(X > k) 

dpois (k, λ) 

ppois (k, λ) 

ppois (k, λ, FALSE) 
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Graphs of the probability function and the distribution function 

Teh procedure how to draw charts of both functions will be demonstrated 

on the example of a random variable X which takes values 0, 1, 2, 3, 4, 5 

and has the binomial distribution Bi(5, 0.95) 

X = 0 : 5 # a random variable X takes values 0, 1, 

2, 3, 4, 5 

plot(x,dbinom(x, 5, 0.95), ”h”) # the graph of the probability function 

plot(x,pbinom(x, 5, 0.95), ”s”) # the graph of the distribution function 

 

Normal (Gauss) distribution – N(μ, σ) 

Mathematical description Command in R 

f(X = k) 

P(X ≤ k) 

P(X > k) 

dnorm (k, μ, σ) 

pnorm (k, μ, σ) 

pnorm (k, μ, σ, FALSE) 

 

Exponential distribution – E(δ) 

Mathematical description Command in R 

f(X = k) 

P(X ≤ k) 

P(X > k) 

dexp (k, 1/δ) 

pexp (k, 1/δ ) 

pexp (k, 1/δ, FALSE) 

 

Graphs of the probability density function and the distribution 

function 

The procedure how to draw charts of the probability density function and 

the distribution function will be demonstrated on the example of a random 

variable X which has the normal distribution N(35,102) 

x = seq(5, 65, length = 100) # a random variable which takes all values 

from the interval <5; 65> = <μ – 3σ; μ + 3σ> 

plot(x,dnorm(x, 35, 10),”l”) # the graph of the probability density 

function 

plot(x,pnorm(x, 35, 10), ”l”) # the graph of the distribution function 
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Example of a discrete random variable 

The test contains 10 questions. Four answers are offered to each 
question and only one is correct. At least eight correct answers are required 
to pass the test. What is the probability that a student, who randomly 
answers, will pass the test? 

The experiment: answering a question. 
The event A: an answer is correct. 
The random variable X: the number of correct answers. 
 

This random variable can be described by the binomial distribution 
because we know the number of repetition of the experiment (n = 10) and 
the probability of the event A (P(A) = ¼). A student will pass the test if he 
has at least eight correct answers. The probability of this event we can 
calculate as P(X ≥ 8). 

 

P(𝑋 ≥ 8) = P(𝑋 = 8) + P(𝑋 = 9) + P(𝑋 = 10). (4) 

Solution with R: dbinom(8, 10, 0.25) + dbinom(9, 10, 0.25) + 
dbinom(10, 10, 0.25) 

P(𝑋 ≥ 8) = 0.00042. (5) 

Example of a continuous random variable 

A content of automatically filled bottles has a normal distribution N(0.7; 
0.022). How many bottles in the supply of 2,000 bottles have the contents 
less than 0.68 litre? 

The random variable X: the contents of a bottle. 

We want to calculate the probability of the contents is less than 0.68, P(X 
< 0.68) or P(0 < X < 0.68). This probability we can calculate by the 
distribution function F(x). 

P(0 < 𝑋 < 0.68) = F(0.68)–F(0). (6) 

Solution with R: pnorm(0.68,0.7,0.02) – pnorm(0,0.7,0.02) 

P(0 < 𝑋 < 0.68) = 0.159. (7) 

Now we have to determine how much is 15.9 % of 2,000 bottles. 

0.159∙2,000 = 318. (8) 

318 bottles of 2,000 have the content less than 0.68 litre. 
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Descriptive statistics 

A descriptive statistic is a summary statistic that summarizes features of 

a collection of information. Descriptive statistics are simply descriptive. 

When performing statistical analysis we deal with events and processes, 
which occur on a mass scale and can be found in a large set of individual 
objects such as products or persons. We call this set the population. The 
objects under investigation are called statistical items and we observe them 
focusing on certain properties statistical variables. 

By the type of outcomes variables are either quantitative, with numerical 
outcomes such as a length, strength, price, service life and the like, or 
qualitative which are not numeric and can only be expressed by words such 
as a colour, quality class, operation condition. 

Quantitative variables are 
 discrete if they only take on discrete (isolated) values (a number of 

defective products, a number of faults, a number of pieces), 
 continuous if they take on all values of an interval (a size of a product, 

a time to failure). 

Qualitative variables are 
 ordinal if there is a point in ordering their outcomes expressed in 

words such as quality classes, 
 nominal there is no point in ordering them such as colour, form, 

suppliers. 

Statistics methods are based on fact that information on the population 
is not taken from all its elements but rather from a subset of the population. 
The subset is called the sample. The number of statistical items in the 
sample is called the size of the sample. If the size is less than or equal 50 
we say that the sample is small, if the size is greater than 50 we say that 
the sample is large. 

Values of a statistical variable depend on the random phenomena so a 

statistical variable is a random variable. Therefore, the necessary 

information is obtained from a sample data using 

 empirical characteristics (the sample mean 𝑥̅, the sample variance 

𝑠2, the sample standard deviation 𝑠, etc.), 

 empirical distribution laws (the empirical distribution function Fn(x)). 

Central tendency 

Central tendency is a central or typical value for a distribution. It may 

also be called a centre of the distribution. The most common measures of 

central tendency are the arithmetic mean, the median and the mode. 
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The mean is the numerical average of all values. Because the mean is 

sensitive to extreme values it is important to find out extreme values of the 

sample data. For this, we can use the box plot. The median is directly in the 

middle of the sample data and the mode is the most frequent value in the 

sample data. 

Spread or variance 

Spread (dispersion) is the extent to which a distribution is stretched or 

squeezed. Common examples of measures of statistical dispersion are the 

variance and the standard deviation. 

Empirical distribution function Fn(x) 

The empirical distribution function represents the probability distribution 

which is obtained from the sample data. Knowledge of this distribution 

allows us to correctly interpret the empirical characteristics. 

The empirical distribution function has two main meanings: 

1) Values of the empirical distribution function Fn(x) serve as an 
estimate of values of the distribution function F(x), i.e. F𝑛(𝑥) ≈
P(𝑋 ≤ 𝑥). 

2) According to a shape of a graph of the empirical distribution function 
we can assume the concrete type of the probability distribution of 
the statistical variable, such as the normal distribution, exponential 
distribution, Poisson distribution, etc. 

 

Figure 7 Graph of the empirical and theoretical distribution function 

Figure 7 shows the empirical distribution function (the black curve) and 
the theoretical distribution function of the normal distribution (the red 
curve). Because the red curve intersects the black curve we can assume 
that the behaviour of a statistical variable can be described by the normal 
distribution. 
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A large data file can be processed by sorting. The sorting sample data 
provides information about 

 the concrete type of the probability distribution of the statistical 

variable, 

 interventions to the sample data, errors in measurement, etc. 

The most commonly used graphical representation of a sorting sample 

data is the histogram, see Figure 8 and Figure 9. 

 

 

Figure 8 Two data files are mixed 

 

 

Figure 9 The rounding problem when measuring 
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Descriptive statistics in R 

 

Entering values 

In the following lists of the commands the symbol x represents a one-

dimensional data (statistical) file. In the R environment measured values 

can be easily input using the following ways. 

Way Command in R 

Direct input 

Loading form external file 

x = c(4.1,4.0,3.8,3.9,3.8,3.8,3.5,3.7,4.0,4.0) 

x = read.table (”path/file_name.txt”) 

 

Empirical characteristics 

Characteristic Designation Command in R 

Size of a sample data 
Sample mean 
Sample variance 
Sample standard deviation 
Minimal value 
Maximal value 
Median  
Quantile 

n 

s2 

s 

min 

max 

length(x) 
mean(x) 
var(x) 
sd(x) 
min(x) 
max(x) 
median(x), quantile(x,0.5,type=6) 
quantile(x,p,type=6) 

 

 

Empirical distribution function 

The following procedure shows how to draw graph of the empirical 

distribution function. 

f = ecdf(x)  

f (k ) 

 

knots(f ) 

f (knots(f )) 

plot(f ) 

# calculating of the empirical distribution function 

# calculating value of the empirical distribution function for 

a value k 

# ascending order values from data sample 

# values of the empirical distribution function 

# the graph of the empirical distribution function 
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Sorting of a large data sample 

The following part shows to sort a large one-dimensional data sample. 

Class Command in R 

The number of classes is 
determined by the program 
Entered the boundaries of 
individual classes 
Another way to specify the 
boundaries of individual classes 

hist(x ) 
 
hist(x, br=seq(38,46,by=1) 
 
hist(x, br=c(38,39,40,41,42,43,45,46) 

 

 

The standard output of the command hist is a histogram. To obtain more 

information you can use the following ways. 

y =hist (x ) 

y$counts 

y$density 

y$breaks 

y$mids 

# the variable y contains results of the command hist 

# a frequency for each class 

# a relative frequency for each class 

# boundaries of individual classes 

# midpoints of individual  

 

 

Class borders can be defined by a parameter right in the following way. 

Intervals Parameter right 

(ci;ci+1> 

<ci;ci+1) 

right=TRUE (implicit value) 

right=FALSE 

 

 

Example of a small data sample 

It is required to normalize the time needed to a repair defective 
components. For this purpose we randomly selected 10 mechanics who 
carried out repairs. The times (in minutes) to form a data sample: 

11.1, 12.7, 10.8, 13.2, 12.7, 13.4, 12.7, 14.4, 14.7, 14.4. 

Determine basic characteristics 𝑥̅, s2, 𝑥̃0.5 and a kind of distribution. 

The population: all mechanics. 

The statistical item: a mechanic. 

The Statistical variable: the time needed to a repair. 

The sample: 10 mechanics. 
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Calculation of basic empirical characteristics. 

𝑥̅ =
1

10
∑ 𝑥𝑖

10
𝑖=1 =

1

10
∙ 130.1 = 13.01 (Solution in R: mean(x)), 

𝑠2 =
1

10−1
[∑ 𝑥𝑖

2 − 10 ∙ 𝑥̅210
𝑖=1 ] =

1

9
[1708.33 − 10 ∙ 13.012] ≐ 1.75 

(Solution in R: var(x)), 

𝑠 = √𝑠2 = √1.75 ≐ 1.32 (Solution in R: sd(x)). 

(9) 

 

The ordered data file (Solution in R: sort(x)), 

i 1 2 3 4 5 6 7 8 9 10 

x(i) 10.8 11.1 12.7 12.7 12.7 13.2 13.4 14.4 14.4 14.7 

 

Since the data set has an even number of elements, we calculate the 
median by the formula 

 

𝑥̃0.5 =
𝑥

(
𝑛
2

)
+𝑥

(
𝑛
2

+1)

2
=

𝑥(5)+𝑥(6)

2
=

12.7+13.2

2
= 12.95 (Solution with R: 

median(x)). 
(10) 

 

The median says 50 % of repairs will end up within 12.95 minutes and 
the remaining 50 % of repairs will take longer. 

Since the median value is close to the average value, we can assume 
that the distribution of the statistical variable is symmetrical, e.g. the normal 
distribution. The particular kind of the distribution we can find out by the 
empirical distribution function Fn(x). The empirical distribution function 
values can be calculated by Table 1. 

 

Table 1 The empirical distribution function 

x 10.8 11.1 12.7 13.2 13.4 14.4 14.7 

l 1 1 3 1 1 2 1 

k 1 2 5 6 7 9 10 

Fn(x) 0.1 0.2 0.5 0.6 0.7 0.9 1 

 

The value of Fn(13.4) = 0.7 indicates that about 70% of repairs are 
completed within 13.4 minutes. 
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Figure 10 The graph of the empirical distribution function and the 
distribution function of the normal distribution 

Solution with R: F = ecdf(x), plot(F) 

Figure 10 shows that the shape of the empirical distribution function is 
close to the shape of the theoretical distribution function of the normal 
distribution. Therefore, we can assume that the behaviour of the observed 
variable can be described by the normal distribution. 

 

Example of a large data sample 

The time to repair certain defects of TV was measured. During 50 repairs 
were determined the following times (in minutes): 

44.0, 40.2, 41.9, 43.4, 42.8, 42.3, 43.2, 45.0, 41.5, 42.7, 
43.9, 40.1, 43.3, 41.1, 42.5, 42.4, 41.4, 40.8, 42.0, 44.7, 
41.2, 41.9, 42.4, 44.4, 40.5, 39.7, 41.1, 41.0, 41.9, 40.8, 
43.0, 42.8, 42.9, 42.7, 43.3, 42.2, 39.2, 41.5, 41.6, 42.7, 
45.0, 42.3, 43.6, 43.2, 38.8, 43.0, 44.2, 43.0, 40.0, 44.4. 

The size of the data sample is 50. We don't see any information from all 

50 values. If we want to obtain some information, we have to class the data 

sample. Firstly, we have to choose the number of classes. Next, we have to 

determine how many values of the data sample lie in each class. The choice 

of the number of classes and finding out how many values from the data 

sample lies in each class are laborious. Therefore, some statistical software 

is recommended to use. 

Solution with R: hist(x) 
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Table 2 Processed data sample 

Interval/class Representative Frequency Relative frequency 

(38, 39⟩ 38.5 1 0.02 

(39, 40⟩ 39.5 3 0.06 

(40, 41⟩ 40.5 6 0.12 

(41, 42⟩ 41.5 11 0.22 

(42, 43⟩ 42.5 15 0.3 

(43, 44⟩ 43.5 8 0.16 

(44, 45⟩ 44.5 6 0.12 

∑ 50 1 

 

 

Figure 11 Histogram 

Figure 11 shows there is only one peak and that the shape of the 
histogram is close to the shape of the Gauss curve. Therefore, we can 
assume that the behaviour of the observed variable can be described by 
the normal distribution. 
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Inferential statistics 

Inferential statistics is the second main branch of statistics which use a 

random sample of data taken from a population to describe and make 

inferences about the population. For example, to measure the lifetime of 

each battery that is manufactured is impractical. You can measure the 

lifetime of a representative random sample of batteries. You can use the 

information from the sample to make generalizations about the lifetime of 

all of the batteries. 

Central Limit Theorem 

The Central Limit Theorem is used to help us understand the following 

facts: 

1) the mean of the sample is the same as the population mean, 

2) the standard deviation of the sample means is always equal to the 

standard error, 

3) the distribution of sample means will become increasingly more 

normal as the sample size increases. 

Point and interval estimates 

We usually do not know the real value of a parameter β of a probability 

distribution and we try to estimate it using a sample data. We can make the 

point estimate and the interval estimate. 

The point estimate of parameter β is the value t = T(x1,...,xn) an 

estimator assumes for a sample data (x1,...,xn). The point estimates of 

population characteristics are calculated 

E(𝑋) = 𝑋̅, D(𝑋) = 𝑆2, 𝜎(𝑋) = 𝑆. 

The interval estimate for parameter β with the confidence level 1 − α is 

a pair of statistics (T1,T2). 

P(T1 ≤ 𝛽 ≤ T2) = 1 − 𝛼. (11) 

 

Hypothesis Testing 

Hypothesis testing is a type of statistical inference that involves asking a 

question, collecting data, and then examining what the data tells us about 

how to proceed. The hypothesis to be tested is called the null hypothesis 

and given the symbol 𝐻. We test the null hypothesis against an alternative 

hypothesis, which is given the symbol 𝐻̅. 
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A statistical hypothesis is an assumption about a population parameter. 

This assumption may or may not be true. Hypothesis testing refers to the 

formal procedures used by statisticians to accept or reject statistical 

hypotheses using experimental data (a data sample). 

When testing statistical hypotheses the following procedure is 

recommended: 

1. We formulate the null hypothesis 𝐻 and the alternative hypothesis 

𝐻̅. 

2. We calculate the value g of a test statistics G. 

3. We choose the number α, called level of significance and determine 

the so-called critical range Wα. 

4. Depending on how the value of the test statistics g is realized in the 

critical range, we say one of following decision: 

 if g ∈ Wα, then we reject the null, 

 if g ∉ Wα, then we accept the null hypothesis. 

When testing hypotheses using a computer, statistical programs show 

the p-value instead of the critical range Wα. The p-value represents the size 

of the probability that a random variable T is in a certain relation to the 

calculated value of the test statistics t. The specific relationship depends on 

the selected variant of the null and alternative hypotheses. 

Comparing the p-value and the level of significance, leads to one of the 

following decisions: 

 If the p-value is less than the level of significance α, we reject the 

null hypothesis and accept the alternative hypothesis. 

 If the p-value is greater or equal than the level of significance α, we 

accept (leave) the null hypothesis. 

Testing can ended up with two errors, which are called error of the first 

type and error of the second type. 

Table 3 Testing errors 

𝐻 True False 
Reject the first type error  

Accept  the second type error 

 

The level of significance α is a probability of the first type error. 
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Parametric tests 

Parametric tests make an assumption about the shape of the population 

distribution, see page - 10 -. 

The one sample t-test 

The one sample t-test tells you how significant the differences between 

two groups are. In other words, it lets you know if those differences could 

have happened by chance or not. For example, does the change in 

production technology affect the lifetime of a product? 

Requirements: 

 A variable X is continuous with the Normal distribution. 

 The parameters μ and σ2 of this distribution are unknown. 

 The observations are independent of one another. 

The one sample t-test assesses the relationship between the selected 

number μ0 and the unknown value of the parameter μ which is estimated 

by the mean 𝑥̅. The one sample t-test can be written in the following table 

Table 4 The one sample t-test 

𝐻 𝐻̅ Critical range 𝑊𝛼 

𝜇 ≤ 𝜇0 𝜇 > 𝜇0 {𝑡 =
𝑥̅ − 𝜇0

𝑠
√𝑛; 𝑡 ≥ 𝑡1−𝛼(𝑛 − 1)} 

𝜇 = 𝜇0 𝜇 ≠ 𝜇0 {𝑡 =
𝑥̅ − 𝜇0

𝑠
√𝑛; |𝑡| ≥ 𝑡

1−
𝛼
2

(𝑛 − 1)} 

𝜇 ≥ 𝜇0 𝜇 < 𝜇0 {𝑡 =
𝑥̅ − 𝜇0

𝑠
√𝑛; 𝑡 ≤ −𝑡1−𝛼(𝑛 − 1)} 

Where 𝑡1−𝛼(𝑛 − 1) or 𝑡1−
𝛼

2
(𝑛 − 1) is the quantile of the Student’s t 

distribution. 

There are also the t-test modification such as the paired t-test and the 

two sample t-test. 

The one sample proportion test 

The one sample proportion test is used to assess whether a population 

proportion P is significantly different from a hypothesized value P0. This is 

called the hypothesis of inequality. For example, suppose that the current 

treatment for a disease cures 74 % of all cases. A new treatment method 

has been proposed and studied. In a sample of 80 subjects with the disease 

that were treated with the new method, 61 were cured. Do the results of 

this study support the claim that the new method has a higher success rate? 
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Requirements: 

 A variable X is discrete with the Alternative distribution. 

 The parameters p is unknown. 

 The observations are independent of one another. 

The one sample t-test assesses the relationship between the selected 

number p0 and the unknown value of the parameter p which is estimated 

by the mean 𝑥̅. The one sample proportion test can be written in the 

following table 

Table 5 The one sample proportion test 

𝐻 𝐻̅ Critical range 𝑊𝛼 

𝑝 ≤ 𝑝0 𝑝 > 𝑝0 {𝑢 =
𝑥̅ − 𝑝0

√𝑝0(1 − 𝑝0)
√𝑛; 𝑢 ≥ 𝑢1−𝛼} 

𝑝 = 𝑝0 𝑝 ≠ 𝑝0 {𝑢 =
𝑥̅ − 𝑝0

√𝑝0(1 − 𝑝0)
√𝑛; |𝑢| ≥ 𝑢

1−
𝛼
2

} 

𝑝 ≥ 𝑝0 𝑝 < 𝑝0 {𝑢 =
𝑥̅ − 𝑝0

√𝑝0(1 − 𝑝0)
√𝑛; 𝑢 ≤ −𝑢1−𝛼} 

Where 𝑢1−𝛼 or 𝑢1−
𝛼

2
 is the quantile of the Standard normal distribution. 

 

Parametric tests in R 

 

Entering values 

In the following lists of the commands the symbol x represents a one-

dimensional data (statistical) file. In the R environment measured values 

can be easily input using the following ways. 

Way Command in R 

Direct input 

Loading form external file 

x = c(4.1,4.0,3.8,3.9,3.8,3.8,3.5,3.7,4.0,4.0) 

x = read.table (”path/file_name.txt”) 
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The t-test 

If we want to compare for the significance level α a parameter μ, estimated 

by a sample mean , with an entered value μ0, then we can use different 

variants of this test the following commands. 

 

The two sample t-test 

If we have two data sets then we can compare their sample means using 

the following commands. 

 

The variant TRUE of the parameter var.equal denotes an assumption of 

equality of variances both data files, the variant FALSE indicates an 

assumption of diversity of these variances. 

In the event that we have no knowledge of the equality or diversity of variances, 

we can use the following test. 

 

The Proportional test 

We can use for different variants of this test the following commands. 
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Example of the one sample t-test 

The bus line had an average driving time of 12 minutes on a route. 
Changes have been made to the route. Assess whether these changes have 
impacted on the driving time, if nine driving times were measured (in 
minutes) 

12.5, 13.5, 11.9, 12.2, 13.0, 14.3, 12.2, 11.8, 14.0. 

The population: all rides. 

The statistical item: a ride. 

The Statistical variable: the driving time (in minutes). 

The sample: 9 rides. 

Calculation of basic empirical characteristics. 

𝑥̅ ≐ 12.82 (Solution in R: mean(x)), 

𝑠 ≐ 0.92 (Solution in R: sd(x)), 

𝑥̃0.5 ≐ 12.5 (Solution in R: median(x)). 

(12) 

Because the median is close to the mean, we can assume that the 

distribution of the driving time is symmetric, e.g. the normal distribution. 

The other way to find out the type of distribution is to draw the empirical 

distribution function, see page - 17 -, - 20 -. 

The driving time is the continuous variable and if we assume the normal 

distribution of this variable then we can use it for assessment of driving time 

changes of a bus line the one sample t-test. 

Firstly, we have to formulate hypotheses. If we want to prove that the 

changes have negative impact to the driving time (the driving time 

increases) so we choose the first line from Table 4. Then we can choose 

the level of significance, e.g. α = 0.05.Now we can use some statistical 

software. 

Solution with R: t.test(x,alternative="greater",mu=12) 

We obtain following result. 
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Because the p-value 0.01421 is less than the level of significance, e.g. α = 

0.05, we reject the null hypothesis 𝐻 and accept the alternative hypothesis 

𝐻̅. We can say the changes have negative impact to the driving time (the 

driving time increases). 

 

Normality tests 

Normality tests are used to determine if a data set is well-modelled by a 

normal distribution and to compute how likely it is for a random variable 

underlying the data set to be normally distributed. 

 

Normality tests in R 

 

The Kolmogorov-Smirnov test 

The universal test which can be used for continuous distributions. Using this 

test is shown in an example of a normal (Gauss) distribution. 

ks.test(x,”pnorm”, μ, σ) # μ, σ are parameters of the normal (Gauss) 
distribution 

 

The Shapiro-Wilk test 

This test is designed only for testing whether the data (statistical) file is 

selected from the population which has the normal (Gauss) distribution. 

shapiro.test(x ) 

 

Analysis of variance 

Analysis of variance (ANOVA) can determine whether the means of three 

or more groups are different. ANOVA uses F-tests to statistically test the 

equality of means. 

The one-way ANOVA compares the means between the groups you are 

interested in and determines whether any of those means are statistically 

significantly different from each other. Specifically, it tests the null 

hypothesis: 

𝐻: 𝜇1 = 𝜇2 = 𝜇3 = ⋯ = 𝜇𝑘, (13) 

where µ represents group mean, k represents number of groups. 

https://en.wikipedia.org/wiki/Data_set
https://en.wikipedia.org/wiki/Normal_distribution
https://en.wikipedia.org/wiki/Random_variable
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Assumptions of ANOVA: 

 all populations involved follow a normal distribution, 

 all populations have the same variance or standard deviation 

(Bartlett’s test), 

 the samples are randomly selected and independent of each other. 

To use the F-test to determine whether group means are equal, it’s just 

a matter of including the correct variances in the ratio. In one-way ANOVA, 

the F-statistic is this ratio 

𝐹 =
variation between sample means 

variation within the samples
. (14) 

. 

Analysis of variance in R 

 

Measured values 

Compact cars 643 655 702 

Mid-size cars 469 427 515 

Full-size cars 484 456 402 

 

Entering values 

Way Command in R 

Direct input 

 

Loading form external file 

response = 

c(643,655,702,469,427,525,484,456,402) 

response = read.table (”path/file_name.txt”) 

 

Data preparation 

Way Command in R 

Identification of factors factor = c(rep(”Compact”,3), rep(”Mid”,3), 

rep(”Full”,3)) 

Data data_name = data.frame(response.factor) 

 

One-Way ANOVA 

Way Command in R 

One-Way ANOVA Results=aov(response ~ factor, data=data_name) 

Results of ANOVA summary (results) 
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Bartlett’s test 

Bartlett’s test is used to test if k samples are from populations with equal 

variances. Equal variances across populations is called homoscedasticity or 

homogeneity of variances. The analysis of variance assumes that variances 

are equal across groups or samples. The Bartlett’s test can be used to verify 

that assumption. 

Way Command in R 

Bartlett’s test bartlett.test(response ~ factor, data=data_name) 

 

Turkey’s test 

Turkey’s test is a single-step multiple comparison procedure and statistical 

test. It can be used in conjunction with an ANOVA (post-hoc analysis) to 

find means that are significantly different from each other. 

Way Command in R 

Turkey’s test TurkeyHSD(results, conf.level=0.95) 

 

Example of one-way ANOVA 

A management of a company wants to compare four employee training 
programs. Twenty volunteers are randomly divided into four groups with 
the same number of participants. Each training group is trained according 
to one of the programs prepared. At the end of the training, each participant 
does the same task. The monitored variable is the time (in minutes) needed 
to complete the task. 

Program Time (in minutes) 

1 9 12 14 11 11 

2 10 6 9 9 10 

3 12 14 11 13 11 

4 9 8 11 7 8 

The statistical variable: the time needed to complete task, 
    the type of training program (factor). 

We assume the training programs are independent and the time has the 

normal distribution (it can be verified with normality tests, see page - 31 -

). Then we have to verify the homoscedasticity condition. We use the 

Bartlett’s test where the null hypothesis says the variances are equal (there 

is homoscedasticity), the alternative hypothesis says the variances are 

different (there is heteroscedasticity). We choose the level of significance 

0.05.   
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Solution with R: bartlett.test(time~factor,data) 

We obtain following result. 

 

Because the p-value 0.9372 is greater than the level of significance, e.g. α 

= 0.05, we accept the null hypothesis 𝐻. We can say there is 

homoscedasticity. So we can go to the one way ANOVA test. 

Solution with R: summary(aov(time~factor,data)) 

We obtain following result. 

 

Because the p-value 0.00404 is less than the level of significance, e.g. α = 

0.05, we accept the alternative hypothesis 𝐻̅. It means there is a difference 

between the training programs. 

Nonparametric tests 

When using t-test or analysis of variance, the assumption of data 

normality should be met. To select larger ranges, a slight violation of 

normality has no significant impact on the outcome. However, in the case 

of small selections, a violation of the normality condition may lead to 

misleading results. So-called non-parametric tests were created for such 

cases, i.e. small selections with a markedly non-normal distribution. 

Nonparametric tests do not require the assumption of a particular type 

of distribution of a variable, e.g. normal distribution. Mostly, it is sufficient 

to assume that the distribution function is continuous. These tests can also 

be used in situations where the data being investigated are not interval or 

proportional in character but merely ordinal in nature. In comparison with 

parametric tests, non-parametric tests are weaker, i.e. they reject the false 

hypothesis less likely than parametric tests. 

These tests usually serve as a substitute for one sample t-test, pair t-

test, two sample t-test and ANOVA, such as the sign test, the Wilcoxon test, 

the Wilcoxon two-sample test, the Kruskal-Wallis test, the median test and 

the Friedman's test. 
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Nonparametric tests in R 

 

The one sample Wilcoxon test as a nonparametric equivalent of 

the one sample t-test 

The test assesses the deviation between the median and the real constant 

c.  

 

 

The one sample Wilcoxon test as a nonparametric equivalent of 

the paired t-test 

The test assesses the deviation between the median difference and the real 

constant c. 

 

 

The two sample Wilcoxon test as a nonparametric equivalent of 

the two sample t-test 

The test assesses the deviation between the median difference and the real 

constant c. 
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The Kruskal-Wallis test 

It is a generalization of the Wilcoxon test. It is used as a nonparametric 

analogy to the one way ANOVA. We test the null hypothesis that all 

selections come from the same distribution. 

Way Command in R 

The Kruskal-Wallis test kruskal.test(quantitative variable ~ factor, data) 

 

The median test 

It is used as a nonparametric analogy to the one way ANOVA. We test the 

null hypothesis that all selections come from the same distribution. 

Way Command in R 

Load the package  

The median test 

Library(agricoale) 

Median.test(quantitative variable, factor) 

 

The Friedman’s test 

A nonparametric analogy to the two way ANOVA. We test the null 

hypothesis that the distribution functions of variable Xi1…..Xik are the same. 

Way Command in R 

The Friedman’s test 

or 

equivalent notation 

Friedman.test(quantitative variable ~ factor A | 

factor B, data) 

Friedman.test(quantitative variable, factor A, 

factor B, data) 
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Machine learning 

Machine learning is a term closely associated with data science. It refers 

to a broad class of methods that revolve around data modelling to 

algorithmically make predictions (“supervised machine learning”) or 

understand the underline structure of a dataset (“unsupervised machine 

learning”). Machine learning methods are considered very useful to handle 

Big Data and complex datasets. 

Machine learning for making predictions 

Core concept is to use tagged data to train predictive models. Tagged 

data means observations where ground truth is already known. Training 

models means automatically characterizing tagged data in ways to predict 

tags for unknown data points. Common methods for training models range 

is regression analysis. 

Regression analysis 

Very often we get into a situation where we need to determine whether 
the variables being monitored show a dependence. If the monitored 
variables are quantitative type, we can use: 

 Correlation coefficient, which is 

o easy and fast calculation, 
o simple interpretability, 
o but it takes into account only one type of dependence (linear 

dependence), 
 Regression analysis, which is 

o a universal tool that allows us to look at dependence using 
different types of functions (lines, parabolas, exponentials, 
etc.). 

The relationship (dependence) between the observed variables can be 
expressed as a general function 

𝑦 = 𝑓(𝑥) +  𝑒, (15) 

where the function f(x)is unknown, x is an independent variable, y is a 

dependent variable and e represents random events (noise). 

Examples of use of regression analysis are: 

 How the size of household expenses for food depends on the number 
of households members, 

 How the price of car depends on its age, 
 Trends in time series. 
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To begin investigating whether or not there is a relationship between 
these two variables, we would begin by plotting these data points on a chart 
(a scatter plot), which would look like on Figure 12. 

 

 

Figure 12 Scatter plot 

 

The role of regression analysis is select for entered data (xi,yi ), i = 1, …, n, 
suitable function η(x) so that this function reflects these entered data the 
best. 

Regression functions (regression models) can be divided into two main 
types: 

 Linear regression function (e.g. a regression line, etc.), 
 Nonlinear regression function 

o Linearizable regression function which can be transform to a 
linear regression function. E.g. an exponential function, a 
power function, etc. 

o Non-linearizable regression function which cannot be 
transform to a linear regression function. There are a special 
approaches how to find out an unknown regression 
coefficients. E.g. S-curves. 

We’ll use a theoretical chart once more to depict what a regression line 
should look like. 
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Figure 13 Scatter plot with a regression line 

 

The formula of this regression line is 

η(x) = β1 + β2x (16) 

where β1 and β2 are regression coefficients.  

These coefficients we can find out using the least square method. It 
works by making the total of the square of the errors ei, see Figure 14, as 
small as possible (that is why it is called "least squares"). 

 

Figure 14 Scatter plot with squares 
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The least square method of a regression line leads to the system of 

normal equations. 

𝑛 ∙ 𝑏1 + ∑ 𝑥𝑖 ∙ 𝑏2
𝑛
𝑖=1 = ∑ 𝑦𝑖

𝑛
𝑖=1 , 

∑ 𝑥𝑖
𝑛
𝑖=1 ∙ 𝑏1 + ∑ 𝑥𝑖

2 ∙ 𝑏2
𝑛
𝑖=1 = ∑ 𝑦𝑖𝑥𝑖

𝑛
𝑖=1 . 

(17) 

 

By solving this system we get the estimates b1 and b2 of an unknown 

coefficients β1 and β2. 

Some of nonlinear regression functions can be transformed into linear 

ones using a linearization. 

Procedure to determine the coefficients of the linearizable function: 

1. The transformation of a nonlinear regression function to a linear 

(e.g. regression line). 

2. The determination of coefficients of linear regression function 

using the least square method. 

3. Using back transformation of obtained coefficients we get 

coefficients of original nonlinear model. 

Table 6 Linearization examples 

Nonlinear function y x a b Linear function 

𝑢 = 𝑐1𝑒𝑐2𝑡 ln 𝑢 t ln 𝑐1 𝑐2 𝑦 = 𝑎 + 𝑏𝑥 

𝑢 = 𝑐1𝑡𝑐2 ln 𝑢 ln 𝑡 ln 𝑐1 𝑐2 𝑦 = 𝑎 + 𝑏𝑥 

𝑢 =
1

𝑐1 + 𝑐2𝑡
 

1

𝑢
 t 𝑐1 𝑐2 𝑦 = 𝑎 + 𝑏𝑥 

𝑢 = 𝑐1𝑒
𝑐2
𝑡  ln 𝑢 

1

𝑡
 ln 𝑐1 𝑐2 𝑦 = 𝑎 + 𝑏𝑥 

 

Linear regression function in R 

 

Measured values 

Number of members Weekly cost [CZK] 

1 

2 

3 

4 

5 

6 

490 

820 

1230 

1570 

1950 

2320 

 

Entering values 
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Way Command in R 

Loading form external file 

Transform table to matrix 

d = read.table (”path/file_name.txt”) 

d = as.matrix(d ) 

 

Data preparation 

Way Command in R 

Identification of a independent variable 

Identification of a dependent variable 

x = d[,1] 

y = d[,2] 

Data data_name = data.frame(x,y) 

 

Graphical representation 

Way Command in R 

Graphical representation of data plot(data_name) 

 

Linear model 

Way Command in R 

Regression line y = b1 + b2 . x 

Regression parabola y = b1 + b2 . x + b3 . x2 

model = lm(y~x )  

model = lm(y~x + I(x2)) 

Results summary (model) 

 

 

Nonlinear regression function in R 

 

Measured values 

Year Profit [thous. CZK] 

1 

2 

3 

4 

5 

6 

112 

149 

238 

354 

580 

867 
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Entering values 

Way Command in R 

Loading form external file 

Transform table to matrix 

d = read.table (”path/file_name.txt”) 

d = as.matrix(d ) 

 

Data preparation 

Way Command in R 

Identification of a independent variable 

Identification of a dependent variable 

x = d[,1] 

y = d[,2] 

Data data_name = data.frame(x,y) 

 

Nonlinear model 

 

 

Examples of standard machine learning techniques 

 

Regression trees and decision trees are becoming relevant instruments 

for predictions and classification aims. The concept of the trees is to 

partition the predictor space in distinct and non-overlapping regions. The 

method splits the most important variables in order of importance for 

predicting or classifying the target variable. The splitting creates new 

“leaves”. The new “terminal nodes” are subsequently splitting too. The 

number of splitting can be fixed by the users. The advantages of using trees 

are principally its capacity to handle non-linear relationships, as the ones 

seen above, among the variables and the easy interpretability, see Figure 

15. On the other side trees can overfit easily and have problems to handle 

a large amount of data. 
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Figure 15 An example of Decision Tree (Source: Doubravsky and 

Dohnal, 2015) 

Evaluations of realistic complex decision trees attract attention. Decision 

makers / field experts in their desperation to satisfy increasingly demanding 

laws and regulations (e.g. safety and environmental engineering) and/or 

pressure of competition (e.g. exchange rates hedging) are ready to believe 

that there is a theoretical answer to their needs. However, the only solution 

is to increase data/knowledge inputs into decision making processes. It 

means that no available information item may be ignored. Therefore known 

isolated fuzzy probabilities must be meaningfully incorporated into the 

decision making tasks. 

The key reconciliation problem is the choice of the probabilities 

generation heuristic. If this heuristic is not accepted by a decision maker 

then some modifications of this heuristic are inevitable to cover specific 

requirements of the decision making problem under study. This is, however, 

an ad hoc procedure. 

One of a new common sense heuristic is based on a strong analogy 

between a water flow through a one root tree system of pipes and the 

decision tree of the same topology. The heuristic solves decision problems 

under total ignorance, i.e. the decision tree topology is the only information 

available. However, isolated information items e.g. some vaguely known 

probabilities (e.g. fuzzy probabilities) are usually available. It means that a 

realistic problem is analysed under partial ignorance. 

K-nn (K-Nearest Neighbors) is one of the most common machine learning 

methods used to separate in clusters the data. K-nn involves different 
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possibilities to measure the “distance” (the degree of differentiation or 

similarity) among the data points. K is the number of closest neighbours 

that the algorithm considers before passing to another cluster of similar 

points, see Figure 16. 

 

 

Figure 16 K-nn estimation (Source: 

https://www.analyticsvidhya.com) 

 

Other very important methods are the “Shrinkage methods” like, Ridge 

and Lasso (Least Absolute Shrinkage and Selection Operator). These 

methods applied penalizations to the estimations in different ways. In 

particular Lasso is also a variable selection method to the estimations that 

can bring to solve multicollinearity problems. 

 

A short introduction on ensemble methods 

Ensemble methods are some machine learning methods applied 

especially to predictions that mostly, but not exclusively, involve regression 

or decision trees. These methods are used to overcome the risk of 

overfitting simple machine learning techniques like trees. The main idea is 

to bootstrap trees (or other simple techniques) and taking the average of 

the results obtained from the process. This allows researchers to handle a 

https://www.analyticsvidhya.com/
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higher dimensional space in terms of variables used. Some examples of 

ensemble methods are: Bagging, Random Forest, Boosting. 

A good description of both simple and ensemble methods with 

applications with R can be found in “An Introduction to Statistical Learning: 

with Applications in R” by Gareth James, Daniela Witten, Trevor Hastie, 

Robert Tibshirani (2013) and the connected internet site of the book. 

Time series analysis 

A time series is a sequence of data points in a given interval of time. 

Normally, but not always, the intervals that separate the data points are 

equal. Most of the data available are yearly, quarterly and monthly data. 

However, certain financial data can be even weekly, daily or even intradaily 

data. 

Components of the time series and Seasonality problem 

The time series have four components (Figure 17). The secular trend is 

the long term tendency of the time series. The seasonal trend is a regular 

fluctuations observable in time series (i.e. the sales during Christmas). The 

cyclic movements are fluctuations that vary over time. This is normally the 

most studied component in economics. The last component is the residual 

term or irregular term that captures all the other events not observable in 

the other components. 

In order to measure the time series without the seasonal trend, different 

techniques can be used to remove it what are called seasonal adjustment. 

An example is dividing the series by a proper seasonal index that takes into 

account the observations in normal times and applies a good differentiation 

process in case it is out of the average observations. This particular method 

is called multiplicative seasonal adjustment. 

The time series can be divided into the short and long term time series. 
For the short-term time series, the trend can be determined using basic 
regression analysis methods. For the long-term time series, advanced 
methods are used, which are described in the text below. 

Stationarity 

Before deciding which kind of model could fit better, another important 

aspect to analyze is to determine if the model is stationary or non-stationary 

(see Figure 18) for an example of stationary time series and non-stationary 

time series). Indeed, most of the time series models work properly only in 

case of stationary time series and most of the real-life data in the world are 

not stationary. 
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The Augmented Dicky-Fuller (ADF) is a test used to measure the 

existence of non-stationary issues. If the test can reject the null hypothesis, 

the time series is stationary. If the test cannot reject the null, the test has 

a unit root and it is probably non-stationary. A unit root is an unpredictable 

stochastic trend and can change a shift in the distribution of the time series. 

 

Figure 17 Components of time series (Source: http://itfeature.com) 

Another possible test is the KPSS (Kwiatkowski–Phillips–Schmidt–Shin). 

In this case the interpretation of the result is the opposite of the ADF test. 

If I can reject the null, the time series is non-stationary. If I cannot reject, 

it is stationary. Using multiple tests for checking the stationarity of the time 

series is a good strategy for guarantee the robustness of the results. 

 

Transformations 

If time series are not stationary a proper transformation is needed. Some 

possible common transformations are taking the logarithm, the square root 

or differencing the data. The decision of what transformation is needed it is 

decided case by case after preliminary tests (like the ADF). Differencing the 

http://itfeature.com/
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data is a quite common tool and it can be used more than one time if the 

data required, for example a differentiation bigger than order one. 

 

Example of differencing: 

𝑦𝑡
, = 𝑦𝑡 − 𝑦𝑡−1, (18) 

the series represents now the change between consecutive observations of 

our time series. 

Most of the time the differencing method is used with the logarithm 

transformation in order to obtain more smooth results. 

 

Figure 18 Stationary and non-stationary time series examples (Source: 

https://stats.stackexchange.com) 

 

https://stats.stackexchange.com/
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ARMA and ARIMA models 

A univariate analysis of a time series involves only one variable and its 

lags. A multivariate analysis instead consists on the analysis of the effects 

of different variables on another variable(s) over time. 

A standard model used for univariate time series analysis is the ARMA 

model (and is differentiated version, the ARIMA). The autoregressive model 

(AR) is simply the linear regression of one variable and one or more of its 

lags. The number of the lags takes into account is the order p of the AR 

model. 

An AR(p) model can be defined in the following way: 

𝑦𝑡 = 𝑐 + 𝜙1𝑦𝑡−1 + ⋯ + 𝜙𝑝𝑦𝑡−𝑝 +  𝑒𝑡, (19) 

where 𝑦𝑡 is the conditional mean of the variable of interest and 𝜙1𝑦𝑡−1 +

⋯ + 𝜙𝑝𝑦𝑡−𝑝 are the past observations with their parameters and 𝑒𝑡 is a white 

noise. A white noise is a random process of random numbers that are 

uncorrelated with mean zero and finite variance. 

The moving average (MA) is the other part of the ARMA model. In this 

case the linear regression is on the white noise error term and its lags on 

the right side of the equation. The distribution is normally assumed normal 

distributed. The order of MA is defined by a q. 

A typical MA(q) can be described as: 

𝑦𝑡 = 𝑐 + 𝑒𝑡 + 𝜃1𝑒𝑡−1 + ⋯ + 𝜃𝑞𝑒𝑡−𝑞, (20) 

where 𝜃1𝑒𝑡−1 + ⋯ + 𝜃𝑞𝑒𝑡−𝑞 are the past white noises and their parameters. 

The autocorrelation and partial autocorrelation (ACF and PACF) can help 

to understand if the better model to use should be a AR(p), a MA(q) or their 

combination, the ARMA(p,q) model. Autocorrelation is also known as serial 

correlation and denotes the presence of a correlation between the variable 

and its lags. Partial autocorrelation is the autocorrelation after removing any 

linear dependence. The Figure 19 shows a possible example of 

correlograms, the typical tools to visualize ACF and PACF. 
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Figure 19 Correlograms of ACF and PACF (Source: mathworks.com) 

The results of the correlograms, see Figure 19, illustrate significant 

autocorrelation. The ACF shows significant autocorrelation at lag 1. The 

PACF instead illustrates that lags 1, 3, and 4 have significant 

autocorrelation. The fast decrease of the ACF and the more gradual 

situation in the PACF combined could suggest to use a MA(1) model. 

ARIMA is an ARMA model that is differentiated to make it stationary 

where the “I” stated for “integrating”. The ARIMA model has not only the p 

and q orders of the ARMA model but also the value d that defined how many 

times the time series are differentiated. 

Smoothing techniques 

Smoothing techniques are useful to remove from the data random 

variations. This is useful to understand better the different components of 

the time series. A simple method is to take the average of the values of the 

different data points. This can eventually work if we assume that the data 

has no trend. Moreover, it can be useful in certain cases to give different 

weighs? in different time. Instead, the average gives the same weighs? all 

the times. Exponential smoothing (Figure 20) instead implies different 

weighs? in different time. More specifically recent data received higher 

weighs? than the oldest ones. The exponential smoothing method can be 

simple, double or triple. The double is used in case of presence of a trend 

in the time series. The triple if both trend and seasonality is detected. 
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Figure 20 Exponential smoothing (Source: mathworks.com) 

 

A short introduction on multivariate time series analysis 

The multivariate time series is when we analyse more than one time 

series and its lags but many time series. For example, I want to forecast 

the unemployment rate of a country taking into account its inflation and 

industrial production. The most common models to make predictions are 

the vector autoregression (VAR), its Bayesian version (BVAR) and the factor 

models. 

An example of a VAR(p) model can be the following: 

𝑦𝑡 = 𝑐 +  ∑ 𝜑𝑖𝑦𝑡−1 + 𝑒𝑡
𝑝
𝑖=1 , (21) 

where 𝑦𝑡is the vector of response (or target) time series variables with n 

elements at time t. c is a constant vector with n elements. 𝜑𝑖 are n-by-n 

autoregressive matrices for each i. The p is the number of autoregressive 

matrices. Some of those can be completely composed of zeros. 𝜀𝑡 is a vector 

of serially white noise with length n.  

These models are more complex to treat given the intricacy of the 

process under observation. 
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R commands for time series analysis 

 

Command in R  Test/model/operation 

as.ts(x, …) Coerce an object in a time series. Different 

option are possible, like frequency, start and 

end date of the series 

log(x) Logarithm transformation 

diff(x, …) Differencing. Possible insert as options which 

lag using of differencing and the order of the 

difference 

adf.test(x,…) Augmented Dicky-Fuller test with possible 

options as the lag order with default to calculate 

the test statistic. 

kpss.test(x,…) Kpss test with options as the possibility to 

indicate if the null hypothesis should be on level 

or trend 

acf(x,..) and pacf(x,..) Compute autocorrelation and partial 

autocorrelation. In the options possibility to plot 

the result. Other more complex plots can be 

found in the package corrgram 

auto.arima(x,…) This is the one of the most common command 

for fit the best arima model to univariate time 

series. Many options available 

es(data,..) Exponential smoothing command. Many options 

available. 
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Machine learning and Big Data in economics and econometrics: the 

next frontier 

The studies on the use of Machine learning (ML) methods and Big Data 
in economics and econometrics at the moment are interested to understand 
principally what are the limits and potentialities for economic predictions 
and analysis. 

A major concern is that the methods to understand the significance of 
the results could be no more valid with Big Data. The main idea is that Big 
Data are pushing the economic studies to focus more on the “economic 
significance” and related less to classical methods to evaluate “statistical 
significance” of the results. Moreover, some recent and very advanced 
studies are trying to create new methods to validate robust results using 
different datasets as sources. 

Another issue is the one related to the bias of ML methods in analysis of 
causal inference. Currently, most of the economic and econometric studies 
that exploit ML methods are either forecasting or descriptive studies. Some 
researchers are studying possible solutions to solve the issue of the 
standard bias of ML methods. In particular, Lasso and Post-Lasso methods 
seem the more relevant for this scope. 

ML methods are attracting scholars not only for handling Big Data better 
than standard econometric methods but also for their ability to detect and 
analyse non-linear relationships among variables. In the past attempts to 
create non-linear problem failed because the results were not particularly 
different than standard linear models or in any case difficult to interpret. A 
part of the state-of-the-art literature is exploring how Big Data and ML 
methods could make non-linear relationships a relevant topic again. 

Finally, text mining and the availability of the Unstructured Big Data 
(texts, video, audio, pictures) gave new opportunities to the scholars. The 
effects of the decisions and the communications from policy-makers are 
some of the topics related to these new fields of research. 
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